and Imχ (3) (-ω; 0,0, ω) spectra with three-, four-, and five-level models in Sr 2 CuO 2 Cl 2 . Table S1 . Parameter values with errors obtained from the fitting analyses on the ε 2 spectra. Table S2 . Parameter values with errors obtained from the fitting analyses on the Reχ (3) (-ω; 0,0, ω) and Imχ (3) (-ω; 0,0, ω) spectra. Table S3 . Parameter values obtained from the fitting analyses with three-, four-, and five-level models in Sr 2 CuO 2 Cl 2 . Table S4 . Products of dipole moments associated with nonlinear optical spectra in Sr 2 CuO 2 Cl 2 . References (47, 48) Section S1. KK analyses of reflectivity spectra
To derive the spectra of complex dielectric constants from the polarized reflectivity ( ) spectra with the electric fields of lights parallel to the a-axis ( // ), we performed the KramersKronig (KK) transformation. Since the measured frequency ranges of the spectra were limited, we used the Roesller's correction (47). In this method, it is necessary to select two photon energies, at which the absorption coefficient ( ) or imaginary part of the dielectric constant ( 2 ) is equal to zero. To determine those energies, it is a good way to use the spectra directly measured in the transmission configuration. In Nd2CuO4 and La2CuO4, we previously measured the spectra in high-quality single crystalline thin films, which were reported in ref. (6) . In fig.  S1 (A and B), we show those spectra by blue lines. In Sr2CuO2Cl2, we measured the spectrum at 0.8-1.6 eV using a thin single crystal with the thickness of 8.7 μm and connected it to the spectrum previously measured at 1.6-2.3 eV in a thinner single crystal with the thickness of 95 nm (48). The former and the latter spectra are shown by the purple and green lines, respectively, in fig. S1C . By selecting two energy positions in the region with = 0 in the spectra of fig.  S1 , we performed the KK transformations of the spectra using the Roesller' correction (47). The obtained 2 spectra are shown in Fig. 2C and in the upper parts of Fig. 4 (A to C). In fig. S1 , we also showed the spectra calculated from the dielectric constant spectra by red lines. These spectra are in good agreement with the spectra directly measured in the transmission configurations. This demonstrates the validity of our analyses of the spectra. (A and B) show the spectra directly measured by using the transmission spectroscopy of single crystalline thin films (taken from ref. (6)). The purple and green lines in (C) show the spectrum measured in a thin single crystal at 0.8-1.6 eV (this work) and 1.6-2.3 eV (taken from ref. (40)), respectively. Next, we performed the fitting analyses of the 2 spectra using Eq. 2. In each parameter, we evaluated a value of error, which is listed in table S1 together with the parameter value itself. The magnitudes of errors in ℏ 1 are small in the three compounds in common, since they can be directly determined from the peak positions in the 2 spectra. 
Section S2. Electric field dependence of electric field-induced reflectivity changes
In fig. S2 , we show the electric-field dependence of the reflectivity changes at 1.90 eV and at the time origin, ∆ (0)/ , in Sr2CuO2Cl2, which is proportional to the square [ THz (0)] 2 of the electric field THz (0) at the time origin (the broken line). This indicates that the observed reflectivity changes originate from the third-order nonlinear optical responses. 
Section S3. Analyses of electric field-induced reflectivity changes
In the analyses of the spectra of electric-field-induced reflectivity changes, Δ (0)/ , we interpolated each Δ (0)/ spectrum and extrapolated it with Δ (0)/ = 0. Using the KK transformation, we obtained both ∆ 1 and ∆ 2 spectra from the Δ (0)/ spectra and calculated Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ) from ∆ 1 and ∆ 2 , respectively, using the relationship Δ̃= 3( THz (0)) 2 (3) (− ; 0, 0, ). The Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ) spectra in Nd2CuO4 are shown in fig. S3B and C, respectively. The upper panel ( fig. S3A ) shows the original 2 spectrum (the blue line) and the fitting curve with a Lorentz oscillator (the red broken line), which are shown in the upper panel of Fig. 4A . 
D
In the analyses with the three-level model, we performed the parameter fittings on both the Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ) spectra simultaneously. The fitting results in Nd2CuO4 are shown by the broken lines in fig. S3B and C, which well reproduce the Re (3) (− ; 0, 0, ) spectrum as well as the Im (3) (− ; 0, 0, ) spectrum.
The obtained ∆ 2 spectra or equivalently the Im (3) (− ; 0, 0, ) spectra show plus-minus-plus structures in the three compounds in common. It is obvious that such a spectral shape cannot be explained by a simple shift of an original peak in the 2 spectra. It might be attributed to its broadening or narrowing by a terahertz electric field. To check this possibility, we calculated a second-energy-derivative of each 2 spectrum due to the odd-parity exciton, which was reproduced by a Lorentz oscillator ( ) (see the main text). It is because and Im (3) (− ; 0, 0, ) spectra (the green solid lines) can be well reproduced by the fitting curves (the red broken lines) based upon the three-level model including an even-parity exciton in addition to a ground state and an odd-parity exciton. In each parameter, we also evaluated values of error, which are listed in table S2 together with the parameter value itself. 
Section S4. Transient reflectivity changes by the THz pulse and their analyses in La2CuO4 and Sr2CuO2Cl2
In La2CuO4 and Sr2CuO2Cl2, we measured the time evolutions of transient reflectivity changes Δ ( d )/ at various probe energies in almost the same experimental condition as in Nd2CuO4 and obtained the spectra of reflectivity changes at the time origin, Δ (0)/ . The waveforms of the terahertz pulses, THz ( d ), are shown in fig. S4(A and B) . The maximum electric field is 400 kV/cm in common. Figure S4 (C and D) shows the Δ ( d )/ signals at 2.00 eV in La2CuO4 and at 1.90 eV in Sr2CuO2Cl2, which are almost in agreement with the square of the terahertz electric field d (the thin blue lines in the same figures). In fig. S4(E and F) , we show the Δ (0)/ spectra. In both compounds, the Δ (0)/ spectra show a plus-minus-plus structure as in Nd2CuO4. (E and F) , The reflectivity ( ) spectra (upper panels) and the spectra of the reflectivity changes by the terahertz pulses (lower panels) in (E) La2CuO4 and (F) Sr2CuO2Cl2.
Similarly to the case of Nd2CuO4, we calculated the ∆ 1 and ∆ 2 spectra from the Δ (0)/ spectra of La2CuO4 and Sr2CuO2Cl2 using the KK transformation and obtained the Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ) spectra, which are shown in fig. S5 . Using the three-level model, we also performed the parameter fittings on both the Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ) spectra simultaneously. The fitting curves are shown by the red broken lines in fig. S5 , which reproduce well both the Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ) spectra. In each parameter, we also evaluated values of error, which are listed in table S2 together with the parameter value itself. The three-level model analyses succeeded in reproducing well both the Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ) spectra in the three cuprates. In fig. S6A , we show the result on Sr2CuO2Cl2, which is the same as that shown in the middle panel of Fig. 4 . Such a success of the three-levelmodel analysis suggests that the continuum state does not contribute to those nonlinear optical spectra so much.
To investigate this feature in more detail, we performed the analysis of those nonlinear optical spectra using the four-level model, in which another one-photon allowed state |3⟩ is assumed to locate at the peak energy (2.45 eV) of the green shaded area representing the transition to the continuum, in addition to the odd-and even-parity excitons, |1⟩ and |2⟩, respectively. The upper panel of fig. S6B shows the result of the fitting of the linear absorption ( 2 ) spectrum (the blue line) with two Lorentz oscillators corresponding to the states |1⟩ (the red broken line) and |3⟩ (the green broken line). The fitting curve shown by the brown broken line almost reproduces the lower energy part of the 2 spectrum. The lower two panels of fig. S6B show the results of the fitting to the Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ) spectra. The fitting curves shown by the red broken lines almost reproduce both the Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ) spectra, similarly to the case of the fitting with the three-level model. The used parameter values are listed in tables S3 and S4. The energies of two excitonic states, |1⟩ and |2⟩, used in the 4-level model are the same as those used in the 3-level model. The contributions of the odd-parity exciton |1⟩ and the even-parity exciton |2⟩ to the nonlinear optical spectra are characterized by ⟨0| |1⟩ 2 ⟨1| |2⟩ 2 , while that of the continuum |3⟩ is characterized by ⟨0| |3⟩ 2 ⟨2| |3⟩ 2 and ⟨0| |1⟩⟨1| |2⟩⟨2| |3⟩⟨0| |3⟩. ⟨0| |1⟩ 2 ⟨1| |2⟩ 2~5 .12 Å 4 is much larger than ⟨0| |3⟩ 2 ⟨2| |3⟩ 2~0 .0210 Å 4 and ⟨0| |1⟩⟨1| |2⟩⟨2| |3⟩⟨0| |3⟩~0.327 Å 4 (table S3) . This indicates that the contribution of the continuum to the nonlinear optical spectra is negligibly small. 
5-level model
We also performed the analysis using the five-level model, in which the odd-parity state |3⟩ and the even-parity state |4⟩ are assumed to locate at the same energy 2.45 eV, in addition to the oddparity exciton |1⟩ and the even-parity exciton |2⟩. To set the same energy for the higher-energy odd-and even-parity states is reasonable, since the continuum should consist of continuous oddand even-parity states. The results of the fitting analysis on the nonlinear optical spectra are shown by the red broken lines in the lower two panels of fig. S6C , which are almost identical to the fitting curves based upon the three-and four-level models shown in figs. S6A,B, while the accordance above 2.2 eV between experimental and calculated results is slightly improved in both Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ). The fitting parameters are also listed in tables S3 and S4. The contributions of the continuum to the nonlinear optical spectra are characterized by ⟨0| |3⟩ 2 ⟨2| |3⟩ 2 , ⟨0| |1⟩ 2 ⟨1| |4⟩ 2 , ⟨0| |3⟩ 2 ⟨3| |4⟩ 2 , ⟨0| |1⟩⟨1| |2⟩⟨2| |3⟩⟨0| |3⟩, and ⟨0| |1⟩⟨1| |4⟩⟨3| |4⟩⟨0| |3⟩. As listed in table S4, the values of ⟨0| |3⟩ 2 ⟨2| |3⟩ 2 , ⟨0| |1⟩ 2 ⟨1| |4⟩ 2 , ⟨0| |1⟩⟨1| |2⟩⟨2| |3⟩⟨0| |3⟩, and ⟨0| |1⟩⟨1| |4⟩⟨3| |4⟩⟨0| |3⟩ are negligibly small, and ⟨0| |3⟩ 2 ⟨3| |4⟩ 2 is also much smaller than ⟨0| |1⟩ 2 ⟨1| |2⟩ 2 . These results demonstrate that the contribution of additional excited states located above the even-and oddparity excitons to the Re (3) (− ; 0, 0, ) and Im (3) (− ; 0, 0, ) spectra are very small.
This feature can be qualitatively explained as follows. As mentioned above, a doublon-holon continuum should consist of continuous odd-and even-parity states. When an electric field is applied, a various kind of mixings between an odd-and an even-parity state would occur. In this case, the changes of the optical constant 1 and 2 from such a number of mixing effects are cancelled with each other. It results that ∆ 1 and ∆ 2 signals become very small. 
